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Abstract. We calculate perturbatively the energy per nucleon in infinite nuclear matter with
a chiral N3LO (next-to-next-to-next-to-leading order) two-body potential plus a N2LO three-
body force (3BF). The 3BF low-energy constants which cannot be constrained by two-body
observables are chosen such as to reproduce the A = 3 binding energies and the triton Gamow-
Teller matrix element. This enables to study the nuclear matter equation of state in a parameter-
free approach.
1. Introduction
The study of infinite nuclear matter is a very interesting topic for its connections with the
properties of other physical systems. As a matter of fact, for instance, the equation of state
(EOS) of pure neutron matter (PNM) may be related to the features of supernova explosions
and neutron stars, while the compressibility and the symmetry energy of symmetric nuclear
matter (SNM) are linked to giant dipole excitations and to the neutron-proton radii in atomic
nuclei, respectively. This is why nowadays a great effort is currently being made to theoretically
study infinite nuclear matter using high-precision nucleon-nucleon (NN) potentials based on
chiral perturbation theory (ChPT) [1–3], that may provide a clear link between nuclear physics
and quantum chromodynamics (QCD) (see for instance [4–11]).
In the framework of ChPT, nuclear two- and many-body forces are generated on an equal
footing [3, 12, 13]. As a matter of fact, most interaction vertices that appear in the three-nucleon
forces (3NF) and in the four-nucleon forces (4NF) are present already at the two-body level.
In this context, a major issue is the choice of the low-energy constants (LECs) related to the
interaction vertices. The LECs corresponding to the two-nucleon-force (2NF) vertices are fitted
to two-nucleon data, and consistency requires that these values are not changed for the same
vertices appearing in the 3NF, 4NF, . . . As regards the other LECs, it is worth to note that the
calculation of the EOS for pure neutron matter, with chiral 3NF up to N2LO, depends only
on constants that are fixed in the two-nucleon system. This comes out since, in this case, the
contact interaction, VE , and the 1π-exchange term, VD, that appear in the N
2LO three-body
force, vanish [14]. This is not the case in SNM, whose EOS calculation is influenced by the
intermediate-range 1π-exchange component VD and the short-range contact interaction VE of
the 3NF. Therefore, the LECs of VE and VD (known as cE and cD), which are not constrained
by two-body observables, affect the calculation of the ground-state energy of SNM. Their values
should be fixed taking into account only A ≤ 3 observables, to avoid biases induced by additional
many-body contributions. Since the reproduction of the observed A = 3 binding energies is not
sufficient to fully constrain both cD and cE , recently, the attention has been focused on the fitting
of the triton half-life, specifically the Gamow-Teller matrix element [15, 16], as first suggested
by G˚ardestig and Phillips [17].
In the present paper we study the EOS of both SNM and PNM employing two- and three-
nucleon chiral forces with consistent LECs, aiming to ascertain the possibility to obtain realistic
nuclear matter predictions with chiral interactions constrained by the properties of the two- and
the three-nucleon systems without any additional adjustment. We employ a chiral potential
with a cutoff parameter Λ = 414 MeV [18] and calculate, including 3NF effects, the energy
per nucleon for infinite nuclear matter at nuclear densities in the framework of many-body
perturbation theory. It is worth pointing out that this NN potential has been already employed
in perturbative many-body calculations for finite nuclei providing a successfull reproduction of
their spectroscopic properties [18, 19]. The effects of the N2LO 3NF are taken into account via a
density-dependent two-body potential V NNN obtained by summing one nucleon over the filled
Fermi sea [20, 21], and that is added to the chiral N3LO potential VNN . The LECs cD and cE of
the N2LO chiral three-nucleon force are fixed so to reproduce to the binding energies of A = 3
nuclei and the 3H-3He Gamow-Teller matrix element.
The paper is organized as follows. In Sec. 2, we briefly describe the procedure we have
followed to choose the LECs of the 1π-exchange term VD and contact interaction VE , and the
perturbative calculation of the properties of infinite nuclear matter is outlined. Our results and
some concluding remarks are presented in Secs. 3 and 4, respectively.
2. Outline of calculations
2.1. Chiral potential
In the last decade NN potentials that are able to reproduce accurately the NN data have been
derived in the framework of chiral perturbation theory (ChPT) [1–3]. In this work, we employ
a chiral N3LO NN potential with a cutoff Λ = 414 MeV (published in Ref. [18]), and using
n = 10 in the regulator function f(p′, p) = exp[−(p′/Λ)2n − (p/Λ)2n], i.e., a smooth, but rather
steep cutoff function is applied.
In addition to this 2NF, we consider the contributions of a N2LO 3NF. At this order the
chiral 3NF is built up by three terms: a two-pion exchange term, a one-pion exchange plus a
2N-contact interaction, and a pure 3N-contact interaction. The two-pion exchange 3NF contains
only LECs that are already present in the NN potential, while the last two terms
VD = −
cD
f2piΛχ
gA
8f2pi
∑
i 6=j 6=k
~σj · ~qj
q2j +m
2
pi
(τ i · τ j)(~σi · ~qj) (1)
and
VE =
cE
f4piΛχ
1
2
∑
j 6=k
τ j · τ k . (2)
involve two new parameters cD and cE , which do not appear in the 2N problem. There are
many ways to fix these two parameters. In the present work we have adopted a procedure
that has been recently introduced to constrain cD and cE [15–17]. This procedure is based on
the observation that the LEC cD appears also in a two-nucleon contact term in the NN axial
current operator derived in chiral EFT up to N2LO. Therefore, cD can be fixed to reproduce the
accurate experimental value of the triton β-decay half-life, and in particular of its Gamow-Teller
component (GT). More precisely, we have first calculated the 3H and 3He wave functions within
the hyperspherical harmonics method (see Ref. [22] for a review), using the chiral 2NF plus 3NF
presented above. The LECs cD and cE are then determined by fitting the A = 3 experimental
binding energies and the observed triton GT value. The values obtained are: cD = -0.40 GeV
−1
and cE = -0.07 GeV
−1.
2.2. Nuclear matter calculations
We calculate the ground-state energy (g.s.e.) per nucleon of infinite nuclear matter within the
framework of many-body perturbation theory, expressing the energy as a sum of Goldstone
diagrams up to third order in the interaction.
In order to take into account the effects of the N2LO 3NF, a density-dependent two-body
potential V NNN (kF ) is obtained by summing one nucleon over the filled Fermi sea and added to
the chiral N3LO potential VNN . It is worth pointing out that, in the evaluation of the diagrams,
the matrix elements of V NNN (kF ) have been multiplied by a factor 1/3 in the first-order Hartree-
Fock (HF) diagram, and by a factor 1/2 in the calculation of the self-consistent single-particle
energies. This is done to take care of the correct combinatorial factors of the normal-ordering
at the two-body level of the 3NF [14].
In Fig. 1 we report the diagrams we have included in our calculation with VNN and V NNN (kF )
vertices. The contribution of the third-order particle-hole (ph) diagram (diagram (e) in Fig. 1),
whose calculation is cumbersome, has been included, at present, only for the SNM EOS.
+ +
+
(a)
(c) (d)
(b)
k k
kk
k
k k
k k
k k
a
a b
c d
α β
α
γ δ
β
k β
bk
k α
k α
ak
k bk β
+
k α
k β
γk
k a
k b
ck
(e)
Figure 1. First-, second-, and third-order diagrams of the Goldstone expansion included in our
calculations.
The analytic expressions of first-, second-, and third-order particle-particle (pp) and hole-hole
(hh) contributions may be found in Ref. [23], while the implicit expression of the third-order
ph diagram is reported in Ref. [24].
Pade´ approximants give an estimate of the value to which a perturbative series may converge
[25], therefore we have calculated the [2|1] Pade´ approximant [25]
E[2|1] = E0 + E1 +
E2
1− E3/E2
, (3)
Ei being the ith order energy contribution in the perturbative expansion of the g.s.e., in order
to study its convergence properties.
3. Results
As mentioned in the previous Section, we calculate the energy per particle of infinite nuclear
matter in the framework of many-body perturbation theory, including contributions up to third-
order in the interaction. Therefore, it is worth studying the convergence of the g.s.e. perturbative
expansion.
Figure 2. (Color online) PNM energy per particle. The first, second, and third order in the
perturbative expansion and the Pade´ approximant [2|1] are shown as a function of density.
In Fig. 2 and 3 we show, respectively, the PNM and SNM EOS as a function of density,
calculated at various orders in the perturbative expansion. From Fig. 2 it can be seen that
the PNM energy per nucleon calculated at second order is almost indistinguishable from the
one computed at third order and consequently from the [2|1] Pade´ approximant for the whole
range of density considered. As regards the SNM, we see from Fig. 3 that the EOS calculated
at second order does not differ much from the one computed at third order, the latter being
placed almost on the top of the [2|1] Pade´ approximant. This is a clear indication that the
adopted chiral N3LO NN+N2LO NNN potential has a satisfactory perturbative behavior for
both PNM and SNM calculations.
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Figure 3. (Color online) Same as in Fig. 2, but for the SNM energy per particle.
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Figure 4. (Color online) Results obtained for the PNM (red line) and the SNM (black line)
energy per nucleon at third-order in perturbation theory.
The calculated PNM and SNM EOS and the corresponding symmetry energy are shown in
Fig. 4 and 5, respectively. The inspection of these figures shows how our results reproduce well
the empirical SNM saturation point and the value of the symmetry energy at saturation density,
the latter quantity being related to the isospin dependence of nuclear forces.
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Figure 5. (Color online) Calculated symmetry energy as a function of density. The red point
represent the empirical value at saturation density [26, 27].
Two other interesting physical quantities related to PNM and SNM at saturation density are
the incompressibility K0 and the slope of the symmetry energy L.
The empirical value of the SNM incompressibility is determined from experimental data on
Giant Monopole Resonance in finite nuclei, at present its accepted value is K0 = 230± 30 MeV
[26]. From our calculations we obtain a compressibility K0 = 279 MeV, a value that is very
close to the empirical one.
The quantity L determines most of the behavior of the symmetry energy in the proximity
of saturation. Its empirical determination - centered at L = 70 MeV - is indirect and mainly
based on the analysis of heavy-ion collisions at intermediate energies and nuclear structure
measurements [27]. Our calculated value for L is 68 MeV, in good agreement with the empirical
value.
4. Concluding remarks
In this paper we have studied the properties of infinite nuclear matter employing a chiral
potential. This has been done within the framework of the perturbative Goldstone expansion,
using a chiral N3LONN and N2LONNN potential with a sharp cutoff Λ = 414 MeV. The LECs
involved in the potential have been chosen consistently for the two- and three-body components,
and in particular the 3NF LECs cD and cE have been fixed as to reproduce the experimental
A = 3 binding energies and Gamow-Teller matrix element in triton β-decay. Our results for PNM
and SNM EOS turn out to be in good agreement with the empirical properties of infinite nuclear
matter. The ability to provide realistic nuclear matter predictions employing (consistent) two-
and three-body interactions whose LECs are constrained by the properties of the two- and the
three-nucleon systems is the main outcome of our study, and this is certainly a very important
point that should be further investigated.
Acknowledgements
This work was supported in part by the U.S. Department of Energy under Grant No. DE-FG02-
03ER41270 and No. DE-FG02-97ER-41014. We thank Norbert Kaiser for helpful discussions
concerning the calculation of the third-order particle-hole diagram.
References
[1] Entem D R and Machleidt R 2003 Phys. Rev. C 68 041001(R)
[2] Epelbaum E, Glo¨ckle W and Meissner U G 2005 Nucl. Phys. A 747 362
[3] Machleidt R and Entem D R 2011 Phys. Rep. 503 1
[4] Sammarruca F, Chen B, Coraggio L, Itaco N and Machleidt R 2012 Phys. Rev. C 86 054317
[5] Holt J W, Kaiser N and Weise W 2013 Phys. Rev. C 87 014338
[6] Tews I, Kru¨ger T, Hebeler K and Schwenk A 2013 Phys. Rev. Lett. 110 032504
[7] Kru¨ger T, Tews I, Hebeler K and Schwenk A 2013 Phys. Rev. C 88 025802
[8] Gezerlis A, Tews I, Epelbaum E, Gandolfi S, Hebeler K, Nogga A and Schwenk A 2013 Phys. Rev. Lett. 111
032501
[9] Carbone A, Polls A and Rios A 2013 Phys. Rev. C 88 044302
[10] Baardsen G, Ekstro¨m A, Hagen G and Hjorth-Jensen M 2013 Phys. Rev. C 88 054312
[11] Kohno M 2013 Phys. Rev. C 88 064005
[12] Weinberg S 1992 Phys. Lett. B 295 114
[13] van Kolck U 1994 Phys. Rev. C 49 2932
[14] Hebeler K and Schwenk A 2010 Phys. Rev. C 82 014314
[15] Gazit D 2008 Phys. Lett. B 666 472
[16] Marcucci L E, Kievsky A, Rosati S, Schiavilla R and Viviani M 2012 Phys. Rev. Lett. 108 052502
[17] G˚ardestig A and Phillips D R 2006 Phys. Rev. Lett. 96 232301
[18] Coraggio L, Covello A, Gargano A, Itaco N, Kuo T T S, Entem D R and Machleidt R 2007 Phys. Rev. C
75 024311
[19] Coraggio L, Covello A, Gargano A and Itaco N 2010 Phys. Rev. C 81 064303
[20] Holt J W, Kaiser N and Weise W 2009 Phys. Rev. C 79 054331
[21] Holt J W, Kaiser N and Weise W 2010 Phys. Rev. C 81 024002
[22] Kievsky A, Rosati S, Viviani M, Marcucci L E and Girlanda L 2008 Journal of Physics G: Nuclear and
Particle Physics 35 063101
[23] Coraggio L, Holt J W, Itaco N, Machleidt R and Sammarruca F 2013 Phys. Rev. C 87 014322
[24] MacKenzie J J 1969 Phys. Rev. 179 1002–1010
[25] Baker G A and Gammel J L 1970 The Pade´ Approximant in Theoretical Physics (Mathematics in Science
and Engineering vol 71) (Academic Press, New York)
[26] Dutra M, Lourenc¸o O, Sa´ Martins J S, Delfino A, Stone J R and Stevenson P D 2012 Phys. Rev. C 85
035201
[27] Tsang M B, Stone J R, Camera F, Danielewicz P, Gandolfi S, Hebeler K, Horowitz C J, Lee J, Lynch W G,
Kohley Z, Lemmon R, Mo¨ller P, Murakami T, Riordan S, Roca-Maza X, Sammarruca F, Steiner A W,
Vidan˜a I and Yennello S J 2012 Phys. Rev. C 86 015803
